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I. Formulation of the problem
Inarea D={(x,y):0<x,y <1} consider the equation
o°u N o%u 5
—5t-7=0. (1)
aXS ayZ

We say U(X, y)that a regular solution to equation (1) if it satisfies equation (1) in the domain and
belongs D to the class Cf;(D) I Cf,’i,([_)) .

A task A. Find a regular solution to equation (1) in the domain D satisfying boundary
conditions

au(x,0)+ Bu,(x,0) =0,
yu(x,1)+ou,(x,1)=0,

{u(O,y)=¢1(y), u, (0, y) = ,(y),
ul,y) =o,(y), u,LYy)=¢,(y), u,@Ly)=esy)

(2)

(3)

Here «, 3,5, - constant numbers, and o’ +,82 #0, 7/2 +62 0.
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Where ¢ (y)eC*[0]], ae, (0_)+,B(pi’(0):0, a¢'(0)+ B¢"(0)=0,

ra()+9¢(1)=0 yl(1)+5¢(1)=0, i=15

Note that the problem for a third-order equation was studied in [1]. In [2, 3], various boundary value
problems in semi-infinite domains were studied for the fifth equation. In [4, 5], the first and second
boundary value problems were studied for a fifth-order equation. In this paper, the third boundary value
problem is investigated in the quadratic domain.

Il. Uniqueness of the solution
Theorem 1 If the problem has a solution and /3 <0, 5)/ > 0, then it is unique.

Evidence. Suppose the opposite, let ul(x,y) and u, (x,y) are solutions to the problem A

. Then u(x,y)=u1(x,y)—u2 (x,y) is a solution to a homogeneous problem A. In area D
consider the identity

0 0 10 0
™ uuxxxx)—&(uxuxxx)+ E&(ufx)+ a(uuy)— u;=0

integrating this identity over the region D, we have

JUQ Y)U g (L Y)Y = [0, V) O, y)ly [ U, (L Y)U (L, )y +

1 11 11
+|u.(0,y)u...(0,y)dy +=|u? (1 y)dy — = [u2 (0, y)dy +
lx( y)u,, (0, y)dy 2! 2 (1,y)dy 2! 2 (0, y)dy

+ju(x,1)uy(x,1)dx - 'lfu(x, O)u, (x,0)dx — ”u§ (x,y)dxdy =0.

Taking into account the homogeneous boundary conditions of the problem A, demanding
0!7&0, ]/?50 get

1 1 51 ﬂl
Ejufx(o, y)dy + ;juj (x,2)dx —gjuj (x,0)dx + ”u§ (x,y)dxdy =0,
0 0 0 D

hence, by the hypothesis of the theorem 1 U, (X,y)=0, then u(x,y) = f(X). Given the condition
u(x,0)=0 we get that f(x)=0 or u(xy)=0. In cases

L0, 620, a#0,0#0; y#0, B#0 similarly, we obtain the equality u(x, y) =0inD.
Theorem 1 is proved.
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I1l. Existence of a solution

The solution to the problem will be sought by the Fourier method

u(x,y)=X(x)Y(y) (4)
Putting (4) into (1), we get
X® _ 15X =0, (5)
Y"+ 2% =0, (6)
from (6) and (2) we will have
Y+ 2% =0,
aY (0)+ pgY'(0) =0, (7)

7Y (@) +5Y'(1) =0.

. . . 5 . .
Proceeding as in [1], to find the eigenvalues A~ we obtain the transcendental equation

5
ctg 5 = L B2

\/ﬂ_S(yﬁ—M)'

whence it follows that «M,,? =7TN+&,, Where |im g,=0, or ﬂns = O(nz), n— oo,
N—oo
The corresponding eigenfunctions are [1]
Yn(y)=(asin,\/ﬂfy—,8 A° cos ﬁfy)Aq, (8)

Where /% - arbitrary constants.

The orthogonality of the system of functions (8) is proved as in the work [1]. Take two arbitrary
functions Y, (y) and Y, (y).
Then

Y'+ Y =0, Y'+AY =0.

Multiplying the first identity by Y, and the second - on Y, , then subtracting the obtained equalities
term by term, we find
oY A Y =YY =AY Y, = (A8 = A3 )Y, Y + Y, Y =Y, Y =0,

n"n' m m " n"m
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or
(ﬂ: - /1:] )YnYm = i(YmYn' _YnYm, )
dy

Integrating this identity in the interval and taking into account the conditions of problem (7), we obtain
at a#0, y#0:

(452 )Jl'YnYmdy )
As m#n, /1;"—/1:,;&0, hence O

j Y ( y)dy =0.
Calculating the norm of the eigenfunctions Y, (y) L, [O,l], we have

o (V)] = A2 Y2 (v )y =
=¥[%(a2+ﬂzi§—aﬂ)+[ﬂzﬁ_ \727}5|n2\/7+ COSZ(]
(asin\/fy—ﬂ\/fcos /Ify).

Then

Y.(y)= ]

M)l
A

Yo (Y)] S‘asin\/fy—ﬁ\/fcos\/fy

o +2|a|| A + B2AS

2 5 2
1(a2+ﬂ2/1:—aﬂ)+ plin _ a sin2(2° + %P cos2,[8
2 4 442> 2

Let's evaluate the expression

<[a]+ |

get

vn(y)|]2<(lal+|ﬂ|ﬁ |
.l )

)

—2,

at N —> 00, From this we conclude that starting from some number N

the inequality is true

33 Published by “Global Research Network LLC"
http://www.globalresearchnetwork.us



AJEBM, Vol. 4, Ne3 2021

2

Y. (Y))
Yl

<B,rpe B>2.

In what follows, we will assume that the system of eigenfunctions is orthonormal; the boundedness
of the eigenfunction was shown above.

The general solution to equation (5) has the form

X (x) =Ce™ +e"*(C, cos A3,x + C,sin A3,X) + & ***(C, cos ABx +C.sin 1BX), (9)
Where
. . 2
a, =C0s6, B =sInG,, a,=c0sb,, p,=sinb,, 6 :%, 0, :?ﬁ,
C —( =1,5) - arbitrary constants.
Due to the linearity and homogeneity of equation (1), any sum will also be a solution
u(xy)= X, (X)Y,(y). (10)
n=1

The function defined by series (10) satisfies conditions (2), since all terms of the series satisfy them.
Satisfying conditions (3), we obtain the system of equations

C1n +C2n +C4n = Ain’
_ A

C,, +cosd,C,, +sind,C, —cosfC, +sin6C; = o

C,e™+C,e"cosA B, +C, e 2sini B, +C, e " cosi f +
+C,.e " sinA B, = A,
C,.e" +C,e"cos(4,B, +6,)+C,e"sin(4,8,+6,)— (11)

&

_ C4ne_/1na1 COS(/ln,B1 — 61) — CSne—/lnal sin (;{‘nﬂl _ 01) _ - n

n

C,.e" +C,,e"* cos(4,B, + 26,)+C, e sin(4,B, + 20,) +

+C,.e " cos( 4,5, — 26, )+ Cy e " sin( 4,8, — 26,) = A ,

2
n

N

Where
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A, =2[p(y)Y,(y)dy, i=15. (12)

Solving system (11), we get

Let us show that A = O. For this, we prove the following lemma.
Lemma: Boundary problem

X® - 2°X =0,
X (0)=X"(0)=X (1)=X"(1) = X"(1) =0,
has only a trivial solution.
Evidence: Suppose the opposite, let X (x) # 0. Consider the identity

x(x“’)—fx):o,

or

!

(xx(‘”—xx"'%(x")zj ~A°X? =0,

integrating over the area (0 < X <1), we have

1
j(xx XX" + jdx szdx 0,
0
2 1 5 2
XX @ XX 4 ] zjx dx=0,
0
”! ! m 1 n 2
X(D)X(1) =X (0)X¥(0)=X"(1) X"(1)+ X"(0) X (0)+§(X (1) -
1

" 2 2 _
_E(X (0)) —/15.!X dx =0,
taking into account the boundary conditions, we obtain

1 " 2 5 i 2 _
S(X"(0)) +2 !x dx=0,

as A >0, then X(X)E
Hence, the system of equations (11) has a unique solution. The determinant of the system is:
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A= A2><3 BZXZ ,
C3><3 D3><2
Where
A 1 1 0 5 1 0
® 1 cosd, sing| ** |-cosd, sing)|
e’ ™2 cos A B, e™2sin 1 g,
C,o=|e" e"2cos(A,8,+6,) e"2sin(4,5,+6,)],
e e"2cos(4,B,+26,) €"?sin(4,B,+26,)

e " cos A p, e "sin A g,
D,, =|-e " cos(4,8 -6,) -e"sin(4,B -6,
e "cos(A,8,—26,) e "sin(4,B —26)
Find the largest exponential power that comes in when calculating the determinant A . Since in the

determinant C3X3 all exponents have positive degrees, then obviously the largest exponent degree is

obtained by calculating the product of the following determinants

|C3><3 '|BZ><2 :
Let's calculate each determinant separately.
1 0 .
= . =sing,,
—Ccosg, sing,
e’ e™“2 cos A f3, e™“2sin 4 B,

C=le™ e"2cos(4,8,+6,) e"2sin(A,p,+86,)|=4e""*""2sin stinz%.
e "2 cos(A4,B8,+26,) e"?sin(A,pB,+206,)

From here
A=K 1 f(4,),

Where
K =4sing,sing,sin’ %

f(/ln):o(e”“m”“z) at A —>+0.

Let's estimate A

|A| — ght2he (K 4 e—(ﬂn+2/1naz) f (ﬂ“n)

as
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lim g 22l £ (7 )=0,
then

Ve>0 e<K 3N, Vn>N, :>‘e_(’1“+u”“2)f (2, )‘ <€,

hence at N> N, inequality holds

K+e 2t ()] > K-t (2,)|> K =e.
denote
M, = min|K +e " (2,)]

according to lemma M, #0, from here

11
N—W’

Where

M =min{M;K —&}.
Now we get estimates for C,, i —1,5. Calculations show that the following estimates hold for the
algebraic complement |Ai|, i :Zr :

5 5 5
AJSMETSIA] A S M AL (A<M S |A
i=1 i=1 i=1

AJSMEm S (AL [Af<Mem S A |
i=1 i=1
Where

an=%Lj¢54)(n)ﬂ(f7)dﬂ=0(i4} i=123.
A Yl n

Hence, for the coefficients Cin we obtain the following estimates

5 5
M eunaz M eﬂﬂ”ﬂ“z
g MeET2IAL a MM

|C1n| |A| = Mei”J’ZE”aZ = e/lnr1]4 ’ | an| = |A| = Mg’ 2 = eznazznw
5 5
/In+/'tna2 /1”+21na2
o MRy g M A
Cunl = AT Mem 7 ghmpt Canl = AT MerRe
5
|A | M5e%+2%aZZ|An| N
Cop| =12 < L <4
A Mg/ %A% n’
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Let us prove the uniform convergence of series (10) in the domain D .

AntzX —hoyX

Y. (y)|<

u(x.y)|< inq

n=1

5 NN NN
S eﬂ.n 1— eﬁ.naz( )n elnaz(l—x)nzl n4 n4

+(IConl+ICan]) || + (|Cun| + Csnl ) o ]

The uniform convergence of a series composed of partial derivatives with respect to a variable up to
the fifth order inclusive is shown in a similar way.

For UW(X, Y) we have

u, (x,y)= i[clneﬂﬂx +e™(C,, cos A, B,Xx+C,, sin A B,X) +
n=1

+e »*(C,, cos A, B x+C, sin ﬂnﬁlx)]Yn”( y),
Where

Y(y) =—AY,(y).
Then

(XY) =D | Ce™ +€7(C,, €05 4, B,X +Cy, SiN 2, B,X) +

n=1

+g X (C,, cos 4,5, x+Cg,sin ﬂ‘nﬁlx)](_ﬂ"r15 )Y” (Y),

0| < S[ICLIe% +[Conler™ +[Cqler™ +[Cy e +|Cq e |S <
n=1

s MBZ[|A1n| + | Ay |+ A |+ A +|A5n|]’1r?'
n=1

Considering that 2° = O(nz) and from the estimate Am , get

luy,|< M4gn_12<oo’ M, = const > 0.
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Likewise
o°u

ouj_|ou
ox°

ayZ

And so, we have proved the following theorem:

Theorem 2. If functions ¢, (y) € C*([0,1]) and a ¢, (0) + ,B(pi'(O) =0,
26f(0) + Bo7(0)=0, 70 () +3i(1)=0, 74i(1) +S07(1) -0, i-T5. hens

solution to the problem exists and are represented as (10).
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