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Annotation: In a rectangular domain, we study the boundary value problem for a fourth-order mixed
differential equation of mixed type containing a wave operator and the product of the inverse and
direct heat conduction operators. The criteria for the uniqueness of the solution of the problem, which
are constructed as the sum of a Fourier series, are established. The stability of the obtained solution
and the strong solvability of the problem are proved.
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Introduction. Various boundary value problems for individual types of differential equations in
partial derivatives and for equations of mixed type of the fourth order have been studied in many
papers. In [1], questions of the complete classification and reduction to canonical form of fourth-
order linear partial differential equations were studied. Also, correct boundary-value problems for
hyperbolic and mixed types equations were posed and investigated. Direct and inverse boundary
value problems for fourth-order equations are studied in [2-8]. In the present work for the equation

Uy — U, = f(Xt), € Q,

XX

Lu= 1)
U — Uy = (X 1), € O,

where f,(xt), f,(x,t)—are the specified functions. In the Q= {(X,t): O<x<p, =T, <t<T, },
areawhere Q" =Q N (t>0), Q" =QN(t<0), the boundary problem is investigated.

Formulation. Problem A. Find a function u(X,t), such that:

1) is continuous in ﬁ,together with its derivatives given in the boundary conditions;

2) is a regular solution of equation (1) in Q" U Q;
3) satisfies the boundary conditions:

u(0,t)=u(p,t)=0, -T,<t<T,, )
u, (0,t)=u,(p,t)=0, —T,<t<0, 3)
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u(x,T,)=0, 0<x<p, )

u(x,—T,)=0, 0<x<p, (5)

4) satisfies the gluing condition

u (x,+0)=u,(x,-0), O<x<p. (6)

We introduce the notation:

Wl(Q*):{fl(x,t): fleCff(ﬁ), fo €L, (Q7). T[0T, ] £,(0)= £, (pt)=0,1,, (0)= £, (pit) =0},
WZ(Q‘):{fZ(x,t): f,eC2 (Q_) fom €Ly () Pt e[ -T, 00, (0)= () =0, T,,,(0:)= T, () =0}
V(Q):{u(x,t):u eC(ﬁ),uXX,utt eC(Q*),uXX eC(E),uXXXX,utt eC(Q‘),ut eC(Q),

conditions are met (2) —(6)}.

f,(xt), -T,<t<0, W,(Q),  0s<t<T,
f.(xt), O<t<T, W,(Q),  -T,<t<0.

f(x,t):{

Definition 1. A function u(x,t) eV(Q) is called a regular solution of problem A, for,
f (x,t) e C(€) if it satisfies equation (1) in Q.
Definition 2. A function u(x,t)eLZ(Q) is called a strong solution of problem A for

f (X,t) € LZ(Q) if there is a sequence {uk}, k=12,..

—0 for kK > 0,

L(Q)

regular solutions such that Huk —u

—0, |Lu, - f

L2(@)
We define operatorL:V (Q)—>C(Q)on the set V(Q). By virtue of the relation
Cy(Q) =V (Q) < L, (), the domain of definition D(L)=V ()of the operator L is dense in
L, (Q) The regular solvability of problem A is equivalent to the solvability of the operator equation
Lu=f

where L works by the rule (1), Yu eV (Q)

Results and discussion.

Theorem 1. Let the numbers pand T, such that for n=1,2...

n%z? n?z?
-2 T -2 T
2 1 Nz Nz 2 1 . Nz
N, (T)=|1-e ” |cos—T,+—|1+e P [sin—T,[=#0, (V)
p p p
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then if there is a regular solution to problem A, then it is unique.

Theorem 2. If f,(xt) er(Q+), f,(x1) eWz(Q_)and N, (T)=6,>0for n=1,2,..., then
a regular solution of problem A exists and is stable.
We regularly look for a solution to the problem in the form of a series

u(x,t):gun(t)-xn(x), (8)

where X, (X) is determined by system

Xn(x):\/%sinlnx, =" n=12,.., ©).

p

Substituting (8) into equation (1) and decomposing the right-hand sides of this equation into a Fourier
series in functions X (X)

(1) =3 F(0)- X, (), where fln(t):_Ifl(x,t)-Xn(x),

n=1

f(x1)=3 £, (1) X, (X),  where f, (t)=

n=1

O e T

f,(x,t)- X, (%),
come to the following two equations

u, (t)+4u, (t)=-"f,(t), t>0,

u, (t)—A5u,(t)=—"1,(t), t<O.
By solving these equations by the method of variation of arbitrary constants and applying the

condition 1) ofu, (+O) =Uu, (—O), of the problem and (4) - (6), we get

0 (1) = sin, (T, —t)
"7 2 (cosAT, - shAIT, + A, sin AT, -chA’T, )

0
I shAi (T, +7)- f,, (7)dr+
T

1

T2
+I Kyu(t7) f(z)dz, t>0, (10)
0

2 T,
0, (t)= hi, (T, +1) [ sin4, (T, = 1) f,(r)dz +
A (COSA.T, - ShAZT, + 2,sin AT, -chA’T) 3

0
Ui [ Kp(tir) f ()7, <0, (1)

n -7
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Ku(t7)=

Koo(t,7)=
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cos A7 -ShAT, + A sin A7 -ChA’T,
2, (COS AT, -ShAZT, + 2, sin 4T, -chAlT,)
CoS A t-ShA’T, + 4 sin A t-chA’T,
2,(cosA,T, - shA’T, + A, sin AT, -chA’T, )

-sin, (T, -t), 0<r<t,
t>0, (12)
-Sinxin(Tz—T), t<r<T,,

. 2% . 2
oSN ATy AL ZCOSAT, AL (peir ), T <rst,

A, +(C0SA,T, - ShATT, + A, sin A T, -chA1T,)
A SINAT, -chA’r —cos AT, shi’r

t<0. (13)
:shA3 (T, +t), t<z <0

A, +(C0s A,T, - ShATT, + A, sin AT, -chA1T,)

We introduce the notation

Fu(t,7)=1COSAT, - ShATT, + A, Sin AT, - chAT,’

F, (t,r) =

fn(r>={

sin4, (T, -t)-shA; (T, +7) <. <0

FTT0<t<T, 14)

Ko (t,7), 0<7<T,,
an(t,r), -T,<7<0,

sinA, (T, —7)-shA? (T, +t) 0<r<T —T, <120, (15)
<7<T,,

COSAT,-ShA’T, + A SinA T, -chA’T,’

f,0 (7). -T,<7<0,
fn (7). 0<7<T,.

By virtue of the introduced notation, (10), (11) can be represented as follows

T
u, (t)z%j F.(t.7)f,(7)dz, t>0, (16)
n-T,
()= [ Fa(tr) T, (s)dr, t<o. ar)
n -T,

This is a formal solution for the problem A in the field Q.

Conclusion.

Lemma 1.

If N, (T) >0, >0,if n=1,2... then the estimates are true
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1
30 H fi, Lz(o;Tz)Jrl_H Fan

n

Lz(Tl;o)}, t>0, (18)

' C
(O Al ful oy el | >0

0, (O] < Al = Al el |+ Gl sy >0
and

(1)< %U ol on + %ﬂu f, ()} t<0, (19
un()\ggop [l oy Il r i £<0

0 (Of= S 1l b ] 7€ ol <0

where C,C,,C, =const > 0.

Lemma 2. A regular solution of problem A satisfies the estimate
<G, | f

ey (20)

where C3 > (0 — is a constant number depending only on the size of the domain € and independent

of the function u(X,t).

Theorem 3. For any f e I_Z(Q) strong solution of problem A , there exists uniquely, stably,
satisfies the estimate (20) and is given by formula

0 T2
ZXHT(” [ Fu(to)f,(7)dz, t>0,
n=1 n -T

u(x,t)=+
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